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This paper studies an optimal investment problem for a defined-contribution (DC) pension plan during
the accumulation phase, where a pension member contributes a predetermined amount of money as a
premium and then the manager of the pension fund invests the premium in a financial market to increase
the value of the accumulation. To protect the rights of pension members who die before retirement,
a return of premiums clause is introduced, under which a member who dies before retirement can
withdraw all the premiums she has contributed. We assume that the financial market consists of one
risk-free asset and multiple risky assets, the returns of the risky assets depend on the market states,
the evolution of the market states is described by a Markov chain, and the transition matrixes are time-
varying. The pension fund manager aims to maximize the expected terminal wealth of each surviving
member at retirement and to minimize the risk measured by the variance of her terminal wealth, which
are two conflicting objectives. We formulate the investment problem as a discrete-time mean-variance
model. Since the model is time-inconsistent, we seek its pre-commitment and equilibrium strategies.
Using the embedding technique and the dynamic programming method, we obtain the pre-commitment
strategy and the corresponding efficient frontier in closed form. Applying the game theory and the
extended Bellman equation, we derive the analytical expressions of the equilibrium strategy and the
corresponding efficient frontier. For the two obtained investment strategies and their corresponding
efficient frontiers, as well as the impact of regime switching and the return of premiums clause on them,
some interesting theoretical and numerical results are found.
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1. Introduction which is also the topic of this paper, has attracted much attention

in recent years.

Recently, the investment management of pension funds has
become increasingly important due to population aging. There are
two basic types of pension plans: the defined contribution (DC)
pension plan and the defined benefit (DB) pension plan. In a DB
pension plan, the benefits are defined in advance by the sponsor.
In a DC pension plan, contributions are fixed and benefits depend
solely on the investment returns of the plan. Compared with the
DB pension plan, the DC pension plan has an advantage to ease the
pressure of the social security system by transferring investment
risk and longevity risk from sponsors to the pension plan members.
Therefore, a growing number of countries have partially or even
completely shifted from the DB pension plan to the DC pension
plan. Consequently, the asset allocation for DC pension plans,
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The mean-variance formulation, which was proposed by
Markowitz (1952), has become an important criterion to study the
asset allocation for DC pension plans, especially after the break-
through of solving the dynamic mean-variance model for multi-
period and continuous-time cases by Li and Ng (2000) and Zhou
and Li (2000). However, all of the dynamic investment problems
under the mean-variance criterion are time-inconsistent, because
the non-separability of the variance operator leads to a failure
of the Bellman optimality principle. Fortunately, Strotz (1955)
proposed two ways to deal with the time-inconsistent problems.
The first one is to fix one initial point, then try to find the optimal
strategy that maximizes the objective function without regard to
whether the latter points are optimal or not. This is called a pre-
commitment strategy, which is a global optimal strategy but a
time-inconsistent strategy. The second one is to tackle the time
inconsistency seriously by using the game theory approach to
obtain an equilibrium strategy, which is a time-consistent strategy
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but not a global optimal strategy. Bjork and Murgoci (2010, 2014)
and Bjork et al. (2017) made a detailed study of this theory on
discrete and continuous-time cases.

Several scholars studied the pre-commitment investment
strategies for DC pension plans. For example, Menoncin and Vigna
(2013) studied a mean-variance target-based optimization prob-
lem for the DC pension plan with stochastic interest rate. Guan
and Liang (2015) considered the mean-variance efficiency of the
DC pension plan with stochastic interest rate and mean-reverting
returns. Nkeki (2013) studied the mean-variance portfolio for the
DC pension plan with stochastic salary and compared it with the
optimal portfolios under the quadratic utility function, the power
utility function and the exponential utility function. Other contri-
butions to this problem include among others, Hgjgaard and Vigna
(2007), Vigna (2014) and Yao et al. (2016a). Researches on the
equilibrium investment strategy for the DC pension plans are very
few. Wu et al. (2015) studied an equilibrium investment strategy
for the DC pension plan with inflation risk and salary risk. Mean-
while, they compared their strategy with the pre-commitment
investment strategy and obtained some distinct properties of the
two kinds of strategies. Li et al. (2016) investigated an equilibrium
investment strategy for the DC pension plan with stochastic salary
under CEV model. He and Liang (2013) and Wu and Zeng (2015)
also considered the equilibrium investment strategy for the DC
pension plan. In addition, some scholars studied both of the two
strategies for DC pension plans simultaneously. For instance, Sun
et al. (2016) studied both the pre-commitment and equilibrium
strategies for a DC pension plan under a jump-diffusion model and
obtained several different characteristics of them.

In the afore-mentioned papers, the returns of the risky assets
are assumed to be independent of the economy state. However,
many investment practice and empirical studies demonstrate that
some macroeconomic variables, such as the exchange rate, the
inflation rate, the interest rate and the GDP growth rate, have
significant impacts on the return and volatility of risky assets,
see Asprem (1989) and Engle et al. (2008). Hence, the economy
states should be considered in the research of the DC pension fund
investment management. Markov regime switching model, which
was originally proposed by Hamilton (1989), has been proven to
be a good way to describe the stochastic evolution of the financial
market states. The model uses a discrete-time or continuous-time
finite state Markov chain to describe the states (regimes) of an
economy. In the previous literature, some scholars investigated the
mean-variance portfolio problems with regime switching, such
as Zhou and Yin (2003), Cakmak and Ozekici (2006), Chen et al.
(2014), Wu and Chen (2015) and Chen et al. (2016). Some schol-
ars studied the asset-liability management problems in Markov
regime switching market, such as Chen and Yang (2011) and
Yao et al. (2016b). Some scholars considered the investment-
consumption problems with environment uncertainty, see, e.g., Li
etal.(2008)and Gassiat et al. (2014). However, there are only a few
studies related to the investment management of the DC pension
fund with regime-switching. Korn et al. (2011) and Chen and
Delong (2015) considered the continuous-time asset allocation for
DC pension funds with regime switching. Yao et al. (2016a) studied
the multi-period investment management for the DC pension fund
with regime switching and mortality risk, and obtained a pre-
commitment investment strategy without considering the time-
consistent investment strategy. To the best of our knowledge, the
time-consistent investment strategy for the DC pension plan with
regime switching under a multi-period mean-variance framework
has not been studied yet.

In a DC pension plan, since the members may die during the
accumulation process, it is natural that the mortality risk should
be considered in the investment management of DC pension funds.
Recent contributions to the study of DC pension plans in the pres-
ence of mortality risk can be referred to Yao et al. (2014, 2016a)

and Wu and Zeng (2015), in which the mortality risk is considered
from the perspective of the pension plan members. In reality, how-
ever, many DC pension plans are entrusted to specialized manage-
ment agencies, such as the Chinese enterprise pension fund. Hence,
the pension fund manager should also consider the mortality risk.
In order to protect the rights of the members who die before retire-
ment, most of DC pension plans have return of premium clauses. In
this kind of actuarial clauses, the dead members can withdraw all
of the premiums that they have contributed or the premiums that
have been accumulated according to a predetermined interest rate.
He and Liang (2013) are the first to incorporate return of premiums
clauses into asset allocation of DC pension plans. Li et al. (2017),
Sunetal.(2016) and Sheng and Rong (2014) also considered return
of premiums clauses for DC pension plans. However, all of these
papers are within the continuous-time framework. To the best
of our knowledge, the multi-period mean-variance investment
problem for the DC pension plan with a return of premiums clause
has not been studied before.

With the above in mind, the purpose of this work is to study
both the pre-commitment and equilibrium strategies for a DC
pension plan with regime switching and a return of premiums
clause under a multi-period mean-variance framework. Utilizing
the embedding technique and the dynamic programming method,
we obtain the pre-commitment strategy and the corresponding
efficient frontier in closed-form. Applying the game theory and the
extended Bellman equation, we derive analytical expressions for
the equilibrium strategy and the corresponding efficient frontier.
Moreover, numerical analysis is conducted to compare the two
strategies and the two efficient frontiers and analyze the impact of
the regime switching and the return of premiums clause on them
as well.

The main contributions of this paper are as follows. (i) We
consider the multi-period mean-variance investment problem for
a DC pension plan with both regime switching and a return of pre-
miums clause, which was not considered in the afore-mentioned
literature. (ii) In the accumulation phase of the DC pension plan,
different from that in Yao et al. (2014, 2016a) and Wu and Zeng
(2015), the mortality risk is considered from the perspective of the
pension fund manager. (iii) We obtain both the pre-commitment
and equilibrium strategies for our problem in closed form. (iv) The
approach of our derivation is rather technical and may shed light
on the research of the relevant dynamic optimization problems.

The remaining of this paper is organized as follows. We model
the multi-period mean-variance investment problem for the DC
pension plan with regime switching and a return of premiums
clause in Section 2. In Sections 3 and 4, we derive the pre-
commitment strategy and the equilibrium strategy as well as their
corresponding efficient frontiers respectively. In Section 5, we
briefly discuss two special cases of our model. Numerical analysis
with real data is conducted in Section 6. We finish with a conclu-
sion in Section 7.

2. Problem formulation

We are concerned with a DC pension plan in which the accu-
mulation process of a member starts from year 0 or age y and ends
in the year of retirement T or age y + T. During the accumulation
phase, as long as the member is alive, she needs to contribute a
predetermined amount of money as a premium at the beginning
of every year. We assume that the premium in year k is Cj.

To protect the rights of pension members who die before retire-
ment, we introduce the return of premiums clause: the dead mem-
bers can withdraw all of the premiums that they have contributed.
That is, when a member dies in time interval (k, k + 1] for k =
0,1,...,T—1,all of the premiums ZLOQ that she has contributed
will be returned to her at time k + 1, but the appreciation on the
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investments of the accumulation (i.e., the difference between the
return and the accumulation) will be equally distributed to the
surviving members. Denote by gy, the probability that a person
will die between ages k + y and k + y + 1 given that she is alive
atage k + y, and py1y = 1 — g4, be the probability that a person
survives to age k + y + 1 given that she is alive at age k + y.

2.1. Financial market

Suppose that a financial market under consideration has fi-
nite states (regimes) and switches randomly among them. Let

= {1,2,...,]} be the state set and & be the state at time k
(k =0,1,...,T — 1). We assume that the state process {&, k =
0,1,...,T — 1} follows a Markov chain with time-dependent
transition matrix Q(k) = (q;j(k));x;, where gj(k) = Pr(§i1 =
jl&x = 1) is the transition probability from state & = i at time k
to state &1 =jattime k + 1(i,j € IT).

The pension manager will invest the premiums in the financial
market to increase the value of the accumulation. Assume that the
financial market consists of one risk-free asset and n risky assets.
Fork = 0,1,...,T — 1, let r,(> 0) be the return of the risk-
free asset in year k and S,’((Sk) the excess return of risky asset [
(I = 1,2,...,n) over the risk-free asset in year k under a given
state &. Then the return of risky asset [ in year k is ry + S,i(ék). For
k=01,. ,T—l,m,l:l,2,...,nandieH,letSk(i)z
(Se(), SE(), - . ., S(i))’ be the excess return vector, s(i) = E[S(i)]

the expected excess return vector, and covy(i) = (akm l(l))
nxn

the covariance matrix, where a,l" ) = cov (Sg(i), S(1)) is the
covariance between S;(i) and Sk( i). Throughout the paper, we
denote the transpose of a matrix A by A’. Similar to most of the
existing literature, we make the following assumptions throughout
this paper.

Assumption 2.1. Fork, m=20,1,...,T — 1, random vectors S (i)
and S;,(j) are statistically independent for any i, j € IT whenk % m.

Assumption 2.2. cov(i) is positive definite for all k =
0,1,...,T—1andallie IT.

Assumption 2.3._For allk = 0,1,...,T — landalli € II,
s(i) # On, where On is the n- dlmensmnal Zero vector.

Assumption 2.4. Transaction cost and tax are not considered and
short-selling is allowed.

2.2. Wealth process and optimization problem

We now give the wealth process of the pension member accord-
ing to the actuarial rules. For k = 0,1,...,T — 1, let mi(&) =
(7} (&), w2(&), - . ., 7[(£k)) be the amount invested in the n risky
assets at time kin state &, and (k) := {mj(§;), j =k, k+1,...,T—
1} represent the strategy throughout years k,k + 1,..., T — 1.
Denote by X, the wealth of the member under strategy r at time
k, incorporating the contribution C, at time k, then the amount
invested in the risk-free asset at time k is X + Cy — Z," 17TI< (&k).
According to the return of premiums clause ifa pensmn member
dies in time interval (k, k + 1], then all the premiums Z, oCi con-
tributed by the member will be returned to her at time k + 1; if the
member is still alive at time k-+ 1, the manager will distribute to the
member the difference between the return and the accumulation
from the members who die during the time interval (k, k + 1],

Fk+1 =

Qk+y |:(X,:! + G — ZI_ Tfk (&) )rk + Zl 17Tk (&) (rk + S (&) ) B Zl =0 ]

s

Dk-+y

which is an actuarial value, where 8 is a parameter with values 0
and 1. Obviously, when § = 0, the return of premiums clause is not
considered, that is to say, a pension plan member will gain nothing
if she dies during the accumulation phase. While when 8 = 1,
the pension plan member can get all of the premiums she has ever
contributed when she dies.

Hence, the wealth of the surviving member at time k + 1 is

(X,f + G — Z ﬂ,ﬁ(%‘k)) e + Z (&) (T + Sk(&)) + Fien

=1 =1
(X7 + C) 1 + SYEITE) — By YK G

Dic+y

= AviXy + Bu(B) + M, (1)
Pk+y

T
Xit1

>0(m=kk+1,....,T—1), Bi(B) =

n
where Ay = [~ T

I+y
=By XloCi

Letpg/,;f be the family of filters, denoting the information available
to the pension manager up to time k, i.e., g = o {(X[, &)|0 < s <
k}, which is a o-field. w(k) = {mj(§;), j = k. k+1,..., T — 1},
which is an investment strategy starting from time k, is called time-
k admissible if 7j(§;) is adapted to g; forallj = k, k+1,..., T — 1.
Denote by ©@, the collection of all time-k admissible investment
strategies.

The pension manager aims to maximize the expected terminal
wealth of each surviving member at the time of retirement and to
minimize the risk measured by the variance of her terminal wealth,
which are two conflicting objectives. Therefore, we formulate the
investment problem as the following mean-variance model:

max(E (X]) — wVar (XJ)}, s.t. X7 satisfies (1), (2)

where w > 0 is the risk aversion level of the manager.

As said in the introduction, problem (2) is time-inconsistent and
there are two main methods to handle it.

The first one is that fix an initial point (k, X7, &) = (0, X, io),
and then try to find the optimal investment strategy 7 (0) for prob-
lem (2), simply disregarding whether the later parts of strategy
7(0) are optimal or not. In previous literature, this strategy is called
a pre-commitment strategy, which is a time-inconsistent but a
global optimal strategy. In this case, the mean-variance model can
be rewritten as

P(w) : gl)g)(() {]EO \X0,i0 (X;:[) - wvaro.xo.io (X]]"T)}7 (3)

s.t. X7 satisfies (1)
where By i (XF) = E (X7 | X7 =X & =), Varey (X7) =

Bonet (7)) = (Bronet (X))’ Xo = 0, &0 = i

The second one is that take the decision-making process as
a non-cooperative game, and suppose that there is one decision
maker at each time k (k = 0,1...,T — 1). At time k, under the
current information (xy, i), the decision maker can only choose the
current control (i), and the controls in future time k+1, ..., T —
1 are determined by the future decision makers. This dec1sion—
making process guarantees that the strategy starting from any time
k is optimal, i.e., the strategy is time-consistent. But since the deci-
sion maker can only choose the current control, she cannot obtain
the global optimal strategy. We call the corresponding strategy
the (subgame perfect Nash) equilibrium strategy. In this case, the
manager updates her target at each time k upon the information
(x, 1) at that time with the objective function

Je i, 1, 70(K)) = Eixei (XT) — @Varg i (XF) (4)
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and solves a series of mean-variance models

max Ji (X, i, w(k)), s.t. X7 satisfies (1). (5)
(k)e®y
For convenience, for k = 0, 1 , T — 1, any time-dependent

m x 1 vector Hy, we define 3"} tH, = Ofort > k, where 0 is the
m X 1 zero vector; any time-dependent m x m matrix N;, we define

;‘ « Ni = I, wherelis the m X m unit matrix. In particular, ifm = 1,
then Zl— H =0 and l_[l k N] =1

3. Pre-commitment strategy and efficient frontier

In this section, we aim to derive the optimal strategy and effi-
cient frontier of problem P(w). Due to the non-separability of the
variance operator, problem P(w) cannot be directly dealt with by
the dynamic programming method. Fortunately, by the embedding
technique of Li and Ng (2000), problem P(w) can be embedded into
the following separable auxiliary problem:

T 2 T
A @): max {]EO,XOJO (—a)(XT )+ AX7 )} ,

(6)

s.t. Xy satisfies (1)

where A is an auxiliary parameter.

As showed in Li and Ng (2000), we can assert that the optimal
strategy for problem P(w) is among the optimal solutions for prob-
lems A(X, w) with different A. In particular, an optimal solution
of problem P(w), if it exists, can be found by selecting A = 1 +

200 5 iy (X{’A), where Eq , i, <XﬁA) is the value corresponding
to the optimal solution 74 of A(), w). Therefore, obtaining the op-

timal strategy of problem P(w) boils down to solving the problem
AL, w).

3.1. Solution of auxiliary problem A(A, w)

By virtue of the separability of the auxiliary problem A(), w),
the dynamic programming method can be employed to obtain its
optimal solution.

Fork = 0,1,...,T — 1and & = i € I, define the value
function
. 2
VX, 1) = max {Ek,xk,i (—a)( )+ AX%T)}

= max {E (—a)( ;’)2+AX;’|X,:’ =X, & = l)}

w(k)e®y

Then we have the Bellman equation
Uk(Xk, 1) = max {E (i1 (XFrs &) IXT =%, & =1)}. (7)
k

According to the Markov state transition matrix, Eq. (7) can be
rewritten as

Uk(Xg, ) = max {un(k Vit (X710 0) 1XE = %0, & = l)}

S (imi
= max Zqij(k)E <Uk+1 (Akkxk + Bu(B) + M])) (8)
k(i) = Dik+y
with terminal condition
vr(x, i) = —wx* + Axforalli e IT. (9)

In order to solve the recursive equation (8), we introduce some
notations and backward time series. Fork = 0,1,...,T — 1 and

i € I1, we define the following notations:

Yi(i) = E(Si()S(1)) = covi(i) + si(i)s; (i), (10)
hi(i) = (D)1 " ()si(i), (11)
fild) = 1 = Iy (i), (12)
and construct the backward time series as follows:
My = (Mk+1 - zwAiJr]jf]Bk(ﬁ)) Ak,k7 (13)
J
W) = fild) ) ak)ma (), (14)
j=1
M2 J ]
Di(i) = —5—Mi(i) ) 4i(kner1() + Y q5(k)Dis ()
4wAk+1,T—1 = =

+ (Miy1Bu(B) — @Af 1_1By(B)) mi(i) (15)
with terminal condition

Mr =4, nr(i) =1, Dr(i) = 0.

Remark 3.1. Fork = 0,1,...,T — 1 andi € II, since cov(i)
is positive definite by Assumption 2.2, it is clear that 7%(i) is also
positive definite. Furthermore, according to Lemma 2 of Cakmak
and Ozekici (2006), we have 0 < hi(i) < 1and 0 < fi(i) <

According to the recursive formula (13) and its terminal condi-
tion, we get the expression of M, in the following lemma.

Lemma 3.2. Forallk=0,1,..., T
T-1

My = 211 =20 Y B(BAAL 111 (16)
I=k

Proof. See Appendix A. O

Next, we derive the expressions of (i) and Dy(i).
Forallk=0,1,...,T,let
Me=(m(1), m(2), ..., nkU))', Dy =(Di(1), Di(2), ..., Di(J)),
fi=diag(fu(1), fi(2), . ... fi)), h=diag(h(1), he(2), ..., k()
where diag(a;, a,, ..., a;)is aJ x J diagonal matrix with elements

ay, dy, . .., a;. Then the recursive formulas (14) and (15) with their
terminal conditions can be rewritten as

M = fkQK)Myeg1, Nr =1L (17)
Mk+1
D = —— i Q(k)ees + Q(K)Dict1
A0 1
+ (Mis1Bi(B) — @A 1 1_1Bi(B)) M- Dr =0, (18)
whereI = (1,1,...,1) isaJ x 1 vector and 0 is the ] x 1 zero

vector.

Lemma 3.3. Forallk=0,1,...,T,

T-1
k= (H me(m)) I, (19)

m=k
T—1 2 m—1
M
Dk = Z 2 A2m+l ( Q ) )”m+1
mek M1 T-1 \ o

+Z

Proof. See AppendixB. O

m-HB

m—1
— @A 7-1Bn(B)) (1‘[ Q(l)) Nm-(20

1=k
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After getting the expressions of 5, and Dy, their ith elements
give the expressions of (i) and Di(i).

Lemma 3.4. Forallk=0,1,...,T —1andalli € II,

0 < (i) < 1. (21)

Proof. See Appendix C. O

Based on the above preliminary results, we can now solve the
auxiliary problem A(A, w).

Theorem 3.5. Fork=0,1,...,T —
auxiliary problem A(A, w) is

1, the optimal value function of

kX, 1) = —wAR r_ (DX + Mink(Dxic + Di(i), (22)

and the corresponding optimal strategy is

AAs M e
A0) = | s — Ak — B(B) | Pray T (D)si(i)
20A8 1 11
T-1
Bl(ﬂ) A P .
=\|- + — AriXk | Pray Yy (Dse(i), (23)
( IX:AI<+LI 2wAk41,7-1 - Tk

where My, ni(i) and Dy (i) are given in Lemmas 3.2 and 3.3.

Proof. See AppendixD. O

3.2. Solution and efficient frontier of original problem P(w)

Before moving on to solve the problem P(w) for its solution
and efficient frontier, we define some notations first. For k, t =
0,1,...,T — 1, define

xk(B) = Bk(B)Ak+1.7-1, (24)
B)=Aor—1 Y _ x(B). (25)
T-1
i)=Y (i), (26)
I=t
T-1
O(ic) =E (Hfl ENlée =ip, £ < k) (27)
1=k
T-1
$ilic) = (hk(sk) [] fee =i, t < k) : (28)
I=k+1
k k
bi(B.io) = Y _ Oulio)u(B) — Y_ dulio) Z Xm(B), (29)
=0 =0 m=I+1
T—1 T—1 2
V(B i)=Y x'(BYilio) + ) ( > xml ) ¢i(io)
=0 =0 \m=I+1
T-1
+2) x(Bbia(B, io)- (30)
=0

The following lemma gives the expressions of (i, ) and ¢y(i; ).

Lemma 3.6. Fort,k=0,1, ...,
have

Ou(ic) = ((]_[Q ) )(u €))
= ((HQ )th(k 'lk+1>( i) (32)

T—1t<kand& =i € I1,we

Proof. See Appendix E. O

Remark 3.7. From Lemma 3.6, we have 6y(ip) = no(ip). In view of
Lemma 2.1 in Chen et al. (2016), we know ag(ig) = 1 — 6(ip). It is
an immediate consequence of Lemma 3.4 that 0 < ag(ip) < 1.

By using the similar method as that in Lemma 2.1 of Chen et al.
(2016), we can easily obtain the following lemma.

Lemma 3.8. Fork =0,1,...,T —
di(io) = Or1(io) — Oklio).

The following lemma holds as a result of Lemma 3.8.

land & = iy € I1, we have

Lemma3.9. Fork=0,1,...,T — 1and & = iy € I1, we have

T-1 T-1
bi(B. i0) = bo(io) ) xm(B) — Os1(io) Y xm(B).
m=0 m=k+1

In particular, by_1(B, io) = Goio) Yot Xm(B)-
Proof. See Appendix F. O

In order to obtain the optimal solution and the efficient fron-
tier of problem P(w), we need to calculate Egy, (X?A) and

Eo.x.i0 (( ?A)Z).

Theorem 3.10. For given initial state & = iy and initial wealth
Xo = Xxo, we have

A . . A
Eo.xg.ip (X7 ) = Ao,r—100(i0)X0 + br_1(B, io) + =—ao(io), (33)
2w

A\ 2
Eooio (( ) ) = A3 r_1B0lio )G + 2¢(B)Wolio o
kZ
+ 2z dolio) + V(B o). (34)
Proof. See Appendix G. O

Now, following Theorems 3.5 and 3.10, the solution and effi-
cient frontier of problem P(w) can be derived.

Theorem 3.11. Suppose the initial state & = i and the initial wealth
Xo=xp.Fork=0,1,...,T — 1, let X =x,and & =i e II. The
optimal strategy of problem P(w) is given by

k-1
<Z Bi(B)Arr1.k +

~(i)sili)
(Clrl — By Zin:o Cm) H:;:Hl Tm
k—1 +
an:lp7"+y

7 (0)

—————— + AorXo — Ak Xk
2wno(io)Aks1,7-1 g )

X Diyy Ty

(,?
2 = Al rkxk> 7, ()si(d), (35)

T-1
[T Py
. T—1
2“”70(10) nlzkur] T

l_[z 0 Plty

and the efficient frontier is

2
. T—1
2P 1o(io) P
Varg xy.i (X%T ) = ao(io) |:E0,xo,io (X%T ) — Ao, T—1X0 — Z Xl(ﬂ)i|
olio p
2

— no(io (Zx, ) + (B, io)- (36)

Proof. See AppendixH. O
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Remark 3.12. Eq. (35) indicates that: (i) at any time, the pension
manager will invest less wealth in the risky assets as her risk aver-
sion level becomes larger; (ii) at any time k, the portfolio A”(i) is
proportional to the vector 7}~ (1)s,(i), which implies that the well-
known two funds separation theorem holds; (iii) the investment
7%,f (i) at any time k depends not only on the current wealth x;
and state i, but also on the initial wealth xy and state ip; (iv) the
current portfolio ﬁ,f (i) is affected by all the survival rates p;,, and
interest ratesr, [ = 0,1,...,T — 1 and by the contributions Cy,,
m = 0,1,...,k — 1 before the current time; (v) the return of
premiums clause has a significant effect on the pre-commitment
strategy and the effect is increasing with time (this is because the
mortality rate and the contribution accumulation are increasing
with time, and hence so are the amount of the premiums returned
to the dead members).

4. Equilibrium strategy and efficient frontier

In this section, we will solve problem (5) to obtain an equilib-
rium strategy.

Definition 4.1 (Equilibrium Strategy). Let #f be a given time-0
admissible strategy. For an arbitrary point (k, X, i) and an arbitrary
decision (i) adapted to gy, define the time-k admissible strategy

T(k) = (@), A1), - -5 AT (Er-1)) -

Then # £ is said to be a subgame perfect Nash equilibrium strategy
(equilibrium strategy for short) if for every k, it satisfies

ma i (. 1, 7 () = J (xe. 1. 7(0)
Tyl

where 7E(k) = (7£(i), ”k+1(§k+1) , #f_,(&r—1)). Furthermore,
if an equilibrium strategy 7t exists, the equilibrium value function
is defined as

Vie (ks 1) = Ji (% 1, 7E(K))

From Definition 4.1, finding an equilibrium strategy, at any time
k, for any given X = X, and state & = i, amounts to solving the
following problem:

Vie e, 1) =Ji (%, 1, AF (k)

= m%%(]k (%, 1. (i), Ry Ggr) s - -
Tk

. 37
L RE (57—1))}- )

4.1. Equilibrium strategy

In order to get an equilibrium strategy and an equilibrium
value function, we apply a backward induction method to the
equilibrium value function Vy(xy, i).

Fix an arbitrarily chosen initial point (k, x,, i) and denote

(i 1) = Egx i [x;”’E] ‘ (38)

Then, from Bjork and Murgoci (2010, 2014), the equilibrium value
function satisfies the extended Bellman equation

Vil(xe, 1) = max {Erxei (Vi1 (XEqs k1))
Kk

— WEg x.i (g13+1 (X1 &)
o+ 0Bl (81 (Ko 80)) ] ik ) =x, (39)
where

gk(xlh ) ]Ek Xl [gk+1 (Xk+]7 Sk+l)] ) gT(Xv l) =X. (40)

To derive an expression of the equilibrium value function, for

k=0,1,...,T —1andi € I1, we define a notation
zi(i) = si(D)eovy ' (D)si(i), (41)
and construct two backward time series
J
oil(i) = 2di) + Y k)i, (42)
j=1

Wili) un Wi 1) +Z% erm)

j=1 j=1
2

J
> aikmia() | (43)
j=1

with terminal condition
or(i) =0, Wr(i)=0.

We first derive the expressions of wy(i) and W,(i). For k =
0,1,...,T—1,let

Wk = (wk(1)7 wk(2)a sy w’((]))/a Wk = (Wk(l), Wk(z)! sy W’((]))/a
Zy = (Zk(l)’ Zk(z)’ sy Zk(j))/v

w2 = (@12, (@) ..., (@()F)

QK)@k41)?

= (OB, (AR 41)2)2 - ., (QURTI1)I)?) -

Then the recursive formulas (42
condition can be rewritten as

) and (43) with their terminal

Wk = Zk + Q(k)wk+17 Wt = 07 (44)
Wi = Q(k)Wics1 + Q(K)@j,; — (Q(K)@ir1)®, Wy = 0. (45)

Lemmad4.2. Forallk=0,1,...,T,

=y [[]Q0)]zm. (46)

m—2

T-1
- > | ITew | @m

m=k+1 \ j=k

— 1wm)>. (47)

Proof. See Appendix[. O

After getting the expressions of wy and Wy, their ith compo-
nents give the expressions of @y (i) and Wi(i).

Remark 4.3. Forallk=0,1,...,T—1andalli € I1, since cov(i)
is positive definite and si(i) # 0,, by Assumptions 2.2 and 2.3, we
have z,(i) > 0, and hence @y (i) > 0 by Lemma 4.2.

Now we can give the equilibrium strategy and the equilibrium
value function.

Theorem 4.4. Fork =0,1,..., T — 1, X7
the optimal equilibrium strategy is given by

=xcand & =i € 11,

1_[1 —k Pl+y
20150 T

Dic+y

1y
—————cov;, (i)si(i) =
20171 g

Ae(i) = COV,< H(i)si(i), (48)
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the equilibrium value function is given by

1 . .
Vie(Xe, 1) = A 1xk+;xl )+ 4 (@) — W), (49)
and
T-1 1
8l 1) = Aradic+ ) xi(B) + 5 —m(d) (50)

I=k

Proof. See Appendix]. O

Remark 4.5. From Theorem 4.4 we find that: (i) in contrast to
the pre-commitment strategy, the equilibrium strategy is inde-
pendent of the wealth, the contribution and even the return of
premiums clause at any time. This result is unrealistic from an
economic point of view as pointed out in Bjork et al. (2014). That
is, in order to achieve time-consistency, some important factors
are ignored in the equilibrium strategy. From this perspective, the
pre-commitment strategy is more practical than the equilibrium
strategy; (ii) the portfolio 7z (i E(i) at any time depends on the current
state, the future interest rates and the future survival rates, but is
independent of the initial state, the past interest rates and the past
survival rates. This is quite different from the pre-commitment
strategy. The reason is that, the equilibrium investor aims to find
the time-consistent strategy at any time k based on the forthcom-
ing information while the pre-commitment investor aims to find
the globally optimal strategy from the viewpoint of initial time; (iii)
Vilp=1 < Vklp=o forallk =0, 1, ..., T — 1, that s, the equilibrium
value function with the return of premiums clause is less than
the one without the return of premiums clause. The reason is that
when the return of premiums clause is considered, a part of the
wealth will be returned to the members who die before retirement,
and thus the wealth is less than the case without the return of
premiums clause.

4.2. Equilibrium efficient frontier

We consider the efficient frontier starting from arbitrary initial
point (k, x, i) with time k € {0, 1, ..., T — 1}, wealth X = x; and
state & =i € I1. By Eqgs. (38), (49) and (50), we have

T-1

N 1 .
Ei x,.i (X%T ) 8r(Xk, 1) = Ay 71— lXI<+ZXl + Zwk(l)’ (51)
=k

and
Vilxk, 1) = Ji (X, 1, #E(K)) = Erexg i (XfE) — wVar . i (X%%E)
T-1 1 .
= Attt L 0B) + 5ol - oVt (x)
=K
T-1 1
= AcroaXe+ ) x(B)+ o (@) —Wili). (52)
1=k w
Hence,
: [P .
Varisi (X)) = 5 @) + Wili) . (53)

Since @y (i) > 0 from Remark 4.3, Eq. (51) yields

1 Erxi (Xff) — Arr—1%— Y xi(B)
® (i)

Substituting Eq. (54) into Eq. (53), we obtain the efficient frontier

Vary x, i (XﬁE)

N -~ 2
(Ek,xk,i (X%T ) — Aer1Xk — Y Xl(ﬁ)) (55)
= - (wk(i) + Wi(i)) .
(wk(l))z

In the equilibrium efficient frontier, the global minimum vari-
ance equals zero. Moreover, the equilibrium efficient frontier with-
out the return of premiums clause lies above the one with the
clause, that is to say, to obtain the same expected terminal wealth,
the pension manager with the return of premiums clause needs
to bear more risk than the case without the clause. It can be
interpreted this way: when there is a return of premiums clause,
the manager needs to return part of the accumulated wealth to
the members who die during the accumulation period, which
increases her risk.

5. Special cases

Special case 1: There is no regime switching. In this case, there

isonly one stateand Q(k) = 1fork =0, 1,...,T — 1. Then,
T-1
O =mc=[](1—s17"s0), (56)
I=k
T-1
a=1-]]0-s1"s) (57)
1=0
T-1
b = Sy s 1—[ (1=s77's), (58)
I=k+1
T-1 -
bi(B) =60 Y xiB) = 1 Y, xi(B), (59)
=0 I=k+1
T-1 -1 / T—1 2
VB =D x'(BY+ (Z ) &
1=0 =0 \m=I+1
T-1
+2 ) x(B)bi-1(B), (60)
1=0
T-1
Wy = (sicov; 's)) (61)
I=k
W = 0. (62)

Hence, the pre-commitment strategy and the corresponding effi-
cient frontier can be simplified as

k—1
. 1
A = <§ BBk + P
1=0 w

=0 (1 =877

s A 1,71 (63)

~+ Ao kXo — Ag, ka) Py Yy 'Sk

T-1 2
P No AP
Varg x, (X%T ) =a|:Eo,x0 (X%T ) — Ao r—1X0 — E xi(B)
0 1=0

(64)

T-1 2
— 10 (Z x:(ﬂ)) + Y (B).
=0

The equilibrium strategy and the corresponding efficient frontier

become as

af = 7’ Py covk‘lsk, (65)
20 i 7
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AE _ 2
48 (Ek,xk (Xf ) — Ak r—1Xk — ZIT:kl Xl(,B))
Varg (XT ) - _ - . (66)
‘ 1T=kl (sfco"l 151)

Special case 2: There is no return of premiums clause, that is
to say, the pension plan members will be empty-handed if they
die during the accumulation phase. In this case, 8 = 0. Then, for
k=0,1,...,T -1,

Bi(B) = Bx = GiAxk, (67)
xk(B) = xx = GArr-1, (68)
T—1
2(B)=¢ =Aor Z CGAiT-1, (69)
=0
T—1 T-1
bi(B. io) = belio) = bolio) Y GAir—1 — Ohsalio) Y GAir-1,(70)
1=0 I=k+1

T-1
V(B o) = Ylio) = Y G ALr_4i(io)
=0

2

T-1 T-1 T-1
+y ( > cmAm,T_1> $ilio) +2)_ CArabialio).  (71)
=0 \m=Il+1 =0

Hence, the pre-commitment strategy and the corresponding effi-
cient frontier can be simplified as

k=1 k T—1
~p Gl tm 1=k Pty
Te = Z k—1 + . T—1

=0 [LnziPmty  20m0(io) [[1opiq 11

) (72)
.
+ %Xo - rkxk> 7 (i)sili),
[0 Pry

2
) T—1
4P no(io) 4P
Varg xy.i (X? ) = T )[Eoﬂxo,ig (Xf )—AO,T—1X0 - E C1A1,1—1:|
o(io

1=0

T-1 2
- 770(%)(2 CIAI,T—1> + ¥ (o). (73)

1=0
The equilibrium strategy in this case is also Eq. (48), and the
corresponding efficient frontier changes to be

Vark,xk_,‘ <X77-?E)

I\E — 2
(Ek,xk.i (X? ) — Agr—1Xk — Zszk] CIALT—l) (74)
= : (@ (i) + Wi(i)) .
(@i (i)

6. Numerical example

In this section, a numerical example is presented to illustrate
our results. The data used here is from the American market.

Consider a DC pension plan in which the accumulation process
of a member starts from age 50 and ends at age 60, i.e.,,y = 50
and T = 10. Assume that the initial amount of her fund account is
Xo = 1 and she contributes G, = 1(k =0, 1, ..., 9) as a premium
at the beginning of every year. The pension fund is managed by a
manager with risk aversion level w = 2.

Suppose that the pension fund can be invested in a risk-free
asset and three risky assets in the American market. These three
risky assets (stocks) are COCA COLA CO (11 308), GENERAL ELEC-
TRIC CO (12 060), INTERNATIONAL BUSINESS MACHS COR (12 490)
(labeled by stocks 1, 2, 3). Our data set is composed of the historical
annual returns of the three stocks from 1931 to 2016, with a sample
size 86. Next, we choose average interest rates on American 5-year

Table 1
Life table of USA in 2015. ¢
k 0 1 2 3 4 5
Qk+y 0.00408  0.00448 0.00490 0.00534  0.00582  0.00621
k 6 7 8 9 10
Qiety 0.00676  0.00737 0.00788  0.00837  0.00893

2 Date from: http://www.mortality.org]/.

treasury bonds as the risk-free interest. Following Chen and Yang
(2011) and Yao et al. (2016a, b), we roughly divide the market
states into two regimes: the bearish (i = 1) and the bullish
(i = 2). The states of the Markov chain are classified according
to the average annual return of the three stocks. If the average
annual return is less than the empirical median (based on the above
historical data) of the average return, the state of the Markov chain
is said to be in State 1, otherwise, it is said to be in State 2. Based
on the data set above, fork = 0,1,...,9andi = 1, 2, we obtain
the related parameters as follows

re =1.0264, si(1) =(—0.1136, —0.0712, —0.0824),
s«(2) =(0.1005, 0.0849, 0.1333),

0.0612 —-0.0101 0.0043
covi(1) = |:—0.0101 0.0802 —0.0128:|
0.0043 —-0.0128 0.0792
0.0640 —0.0017 —0.0083
covy(2) = |:—0.0017 0.0474 0.0060 :| .
—0.0083  0.0060 0.0712

Using the above historical data, we now derive the state transi-
tion probability matrix Q of the Markov chain. According to the
classification of the market states, there are 43 years in State 1.
Among all these 43 years being in State 1, we find that the number
of the next year in State 1 is 17, and the number of the next year in
State 2 is 26. Therefore, we calculate the empirical state transition
probabilities q11(k) and qq2(k) as follows

qui(k) = 17/43 ~ 0.3953, qq(k) = 26/43 ~ 0.6047.

Similarly, we can calculate other empirical state transition
probabilities g;1(k) = 25/43 =~ 0.5814 and q,,(k) = 18/43 ~
0.4186. Hence the state transition probability matrix is

| au(k) gua(k)| _10.3953 0.6047
Q= q21(k) qa(k)| — |0.5814 0.4186 ("

When the regime switching is not considered, we assume that
the market has only one state. We use all the data listed above to
estimate the parameters, and obtain

sk = (—0.0066, 0.0069, 0.0255Y,

0.0230 0.0711 0.0228
0.0296 0.0228 0.0931

In addition, qi4y, k=0, 1, ..., 10 are from the life table of USA
in 2015 as shown in Table 1.

0.0885 0.0230 0.0296
Ccovy = .

6.1. Numerical analysis for the two investment strategies

This subsection analyzes the influence of regime switching and
the return of premiums clause on the two investment strategies.
For convenience, suppose that the market states evolve following
Table 2.

Fig. 1 plots the two investment strategies. We find that no
matter for the pre-commitment or the equilibrium strategy, the
amounts invested in the risky assets in bull markets are more
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Table 2
Market states from time O to T — 1.
k 0 1 2 3 4 5 6 7 8 9

Market state 2 1 1 2 2 1 2 1 2 1

== stock1
m— stock2
10 = = = stock3 ||

Pre—commitment strategy

0.6 T T 3

0.4

o
(M)

o

Equilibrium strategy

|
<
(M)

-0.4

Fig. 1. The process of pre-commitment strategy and equilibrium strategy.

than those in bear markets, which is consistent with the common
sense. For pre-commitment strategy, the amount invested in each
risky asset in bull (bear) markets shows a decreasing (increasing)
trend, and the amounts invested in different risky assets will
become closer and closer. However, for the equilibrium strategy,
the amount invested in each risky asset is relatively stable in
every year. This indicates that the pre-commitment strategy is
particularly sensitive to the market state at the initial moment, but
the sensitiveness decreases gradually along with time. The sensi-
tiveness of the equilibrium strategy to the market state is mostly
the same in every year. The reason is that the pre-commitment
strategy is made at the initial time, but the equilibrium strategy
can be updated at the beginning of every year. Thus the stability of
the equilibrium strategy is better than that of the pre-commitment
strategy. But from Fig. 2, we find that the wealth accumulation
under the equilibrium strategy is less than that under the pre-
commitment strategy, that is, the equilibrium strategy is less ef-
ficient than the pre-commitment strategy.

30 T T T

—— pre—commitment
—— equilibrium fr

Wealth amount

Time

Fig. 2. The wealth process of two strategies.

—6— B=1,total amount invested in risky asset
—#— B=0,total amount invested in risky asset

Pre-commitment strategy

Time

Fig. 3. The effect of the return of premiums clause on the pre-commitment strategy.

The effect of the return of premiums clause on the pre-commit
ment strategy is shown in Fig. 3. We find that in bull (bear) markets,
the amount invested in the risky assets (here and hereafter, we
define the sum of the amount invested in the three risky assets
as the amount invested in the risky assets) when the return of
premiums clause is considered is less (more) than that when the
return of premiums clause is not considered. However, in bear
markets, the amount invested in the risky assets is less than zero,
which means that the pension manager short sells the risky assets
to buy the risk-free asset. Generally, the return of premiums clause
decreases the transaction amount of the risky assets no matter
in bull markets or in bear markets. One possible explanation is
that the manager with the clause will face more uncertainty of the
wealth in the future due to the return of premiums to the members
who die before retirement, which in turn forces her to invest less
in the risky assets to avoid higher risk. Moreover, we find that the
effect of the return of premiums clause on the pre-commitment
strategy grows larger with time. This is because both the mortality
rate and the contribution accumulation increase with time, and
hence the amount of the premiums returned to the dead members
increases with time.

Fig. 4 shows the effect of regime switching on the two invest-
ment strategies. We find that in the case with regime switching,
no matter for the pre-commitment or the equilibrium strategy,
the amount invested in risky assets is positive in bull markets,
which means the pension manager buys the risky assets; while it is
negative in bear markets, which means the pension manager short
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40 T T T T T T
—%— regime switching,total amount invested in risky asset
—<— no regime switching,total amount invested in risky asset|

30

n
o

Pre—commitment strategy
=

—*— regime switching,total amount invested in risky asset
1.5 r| —6— no regime switching,total amount invested in risky asset 7

W

0 1 2 3 4 5 6 7 8 9
Time

(b).

Equilibrium strategy

Fig. 4. The effect of regime switching on the two strategies.

sells the risky assets to buy the risk-free asset. In both states, the
transaction amount of the risky assets is greater than that in the
case with no regime switching. This is because regime switching
can describe the real market better, and hence the manager obtains
more information from the market, which can be served as her in-
vestment guidance. Moreover, the amount invested in risky assets
is relatively stable in the case with no regime switching, while it
fluctuates along with the market states in the case with regime
switching. This is because, when regime switching is considered,
the change of market states promotes the pension manager to
adjust her investment strategies, which is more in line with the
reality and makes our strategy more practical.

6.2. Numerical analysis for the two efficient frontiers

In this subsection, we consider the effect of regime switching
and the return of premiums clause on the two efficient frontiers.

In order to study the effect of the market states on the efficient
frontier, we plot in Fig. 5 these efficient frontiers with different ini-
tial market states for the pre-commitment or the equilibrium strat-
egy, respectively. We find that no matter for the pre-commitment
or the equilibrium strategy, the corresponding efficient frontier of
state 2 lies above that of state 1. That is, for the same expected

—%— pre—commitment,state1
—+— pre—commitment,state2
— — — equilibrium,state1
equilibrium,state2

The mean of the terminal wealth

0 0.1 0.2 0.3 0.4 0.5

The variance of the terminal wealth

Fig. 5. Efficient frontiers with different initial market states.

terminal wealth, the investor would bear less risk when she en-
ters the market at bullish time. On the other hand, the efficient
frontier with pre-commitment strategy lies above the efficient
frontier with equilibrium strategy. That is, to obtain the same
expected terminal wealth the investor with equilibrium strategy
needs to face more risks than the investor with pre-commitment
strategy. The reason is that the pre-commitment investor focuses
on the globally optimal strategy, but the equilibrium investor takes
the non-cooperative game to obtain the time-consistent strategy,
which leads to the increase of the risk.

Under the assumption that the initial market state is bullish,
Fig. 6 plots the effect of the return of premiums clause on the two
efficient frontiers. We find that no matter for the pre-commitment
or the equilibrium strategy, the efficient frontier with the return
of premiums clause is below that without the return of premiums
clause. That is, to get the same expected terminal wealth, greater
risk will be faced if the return of premium clause is taken into
consideration. The reason is that the manager of the DC pension
fund with the clause needs to allocate part of the accumulated
wealth to the members who die during the accumulation phase,
which decreases the wealth level and increases the uncertainty
of the wealth, that is, the manager with the clause needs to bear
greater risk.

Fig. 7 plots the effect of regime switching on the two efficient
frontiers. We find that no matter for the pre-commitment or the
equilibrium strategy, the efficient frontier without regime switch-
ing is below that with regime switching. That is, to get the same
expected terminal wealth, less risk will be faced if regime switch-
ing is taken into consideration. This shows that the investment risk
can be better avoided when regime switching is considered.

7. Conclusion

This paper studies the pre-commitment and equilibrium strate-
gies for a DC pension plan under a multi-period mean-variance
framework. In the plan, the pension manager is assumed to invest
one risk-free asset and n risky assets in a financial market. In
order to protect the interests of pension members who die before
retirement, we introduce the return of premiums clause to the
model. Moreover, we use the Markov regime switching model to
show the effect of market states on the return of the risky assets.

On the one hand, using the embedding technique and the
dynamic programming method, we obtain the pre-commitment
strategy and the corresponding efficient frontier in closed form.
We find that the pre-commitment strategy depends not only on
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—¥— pre-commitment,f=1
—+— pre-commitment,p=0

The mean of the terminal wealth

12 . . .
0 0.1 0.2 0.3 0.4 0.5

The variance of the terminal wealth

(a).

15.5

—*— equilibrium,p=1
—&— equilibrium,=0

The mean of the terminal wealth

. .
0 0.1 0.2 0.3 0.4 0.5
The variance of the terminal wealth

(b).

Fig. 6. The effect of the return of premiums clause on the two efficient frontiers.

the current state and wealth but also on the initial state and
wealth. Moreover, the pre-commitment strategy depends on the
contribution, the survival rate, the interest rate and the return of
premiums clause.

On the other hand, using the game theory and the extended
Bellman equation, we derive the analytical expressions of the
equilibrium strategy and the corresponding efficient frontier. We
find that the equilibrium strategy is only dependent of the current
state, the future interest rate and survival rate, but independent
of other factors. This is quite different from the pre-commitment
strategy.

Finally, we do some numerical analyses for the two strategies
and efficient frontiers and find some interesting results:

(i) The return of premiums clause decreases the amount in-
vested in the risky assets in the pre-commitment strategy, but has
no effect on the equilibrium strategy.

(ii) In both strategies, regime switching increases the trans-
action amount of the risky assets, and the strategies are more
practical when regime switching is considered.

(iii) In both strategies, to obtain the same expected terminal
wealth, the manager faces greater risk when the return of premi-
ums clause is considered, but faces less risk when regime switching
is considered.

70 T T T
—¥— pre—commitment,no regime switching -
— — — pre-commitment,state2

pre-commitment,state1

The mean of the terminal wealth

10 I I I I
0 10 20 30 40 50

The variance of the terminal wealth

(a).

30

—#— equilibrium,no regime switching =
— — — equilibrium,state2
equilibrium,state1

The mean of the terminal wealth

12 . . . .
0

10 20 30 40 50
The variance of the terminal wealth

(b).

Fig. 7. The effect of regime switching on the two efficient frontiers.

(iv) To obtain the same expected terminal wealth, the equilib-
rium investor needs to face more risks than the pre-commitment
investor.

Our work can be extended to several directions. For example,
we can further consider the stochastic salary flow and inflation
risk. We can also add the consumption problem into our model to
consider the life cycle problem. Another interesting topic is to con-
sider our model under incomplete information. In our model we
assume that the states of the financial market are fully observable.
In practice, the states of the financial market cannot be completely
observed, see Zhang et al. (2016).
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Appendix A. The proof of Lemma 3.2

Proof. We prove the expression of My by mathematical induction.

For k = T, we have
T-1

Mr = 2Arr_1 =20 Y B(BAAT 11 1 = A
I=T

That is, Eq. (16) holds for k =

Suppose that Eq. (16) holds for T, T —
have
My = (Mgt

,k + 1. Then we

— 20A%, 1 7_1Bi(B)) Ack

T-1
(AAM,H —20 ) B(BA1A 11 — 2wAi+1_T_1Bk<ﬁ)> Av

I=k+1
T-1
= M1 —20 Y BBALAT 1y — 20BUB)AAL 1 1y
I=k+1
T—1
= Mir-1—20 Y B(BAAL 11 (75)

1=k
which means that Eq. (16) holds for k. By the principle of mathe-

matical induction, Eq. (16) holds for all k = 0, 1, ..., T, and thus
the lemma is proved. O

Appendix B. The proof of Lemma 3.3

Proof. First, we prove the expression of #, by mathematical
induction. For k = T, we have

T-1
= (1"[ me(m)) I=1,
m=T

implying that Eq. (19) holds fork =T

Suppose thatEq.(19) holdsforT,T—1, ..., k+1.Then we have

T-1 T—1
M = fQ(K)eq =ka(k)< I me<m)>n= (H me(m>> I, (76)

m=k+1 m=k
which means that Eq. (19) holds for k. Hence Eq. (19) holds for all
k=0,1,...,T.
Next, we prove the expression of Di. For k = T, we have

T-1
_ Mm-H
Dr = Z 4wAfn+1 T—1 (1__[ ad )th(m)”mH
m—1
+ Z M 1Bm(B) — @A 1 1_1Bi(B)) ( Q(D) N = 0,
I=T

that is, Eq. (20) holds fork = T.
Suppose that Eq. (20) holds for T, T —
have

,k + 1. Then we

M?
Dy = k+1

2
4wAi g7

+ (Mis1Bu(B) — wAiﬁ,TqBi(ﬂ)) Nk
MZ

= — L e Q(K)Mygq + (Mis1B(B)

2
4wAi g7

T-1 Mz m—1
+Q(k)< > # ( I1 Q(D) hnQ (M) 44

=k+1 m+1.T—1 \|=k+1
+Z m+1B A?n+1T1 (HQ ) )
m=k+1

I=k+1
m—1
m+1
= QW) | hmQ(m)nyy
mz;c 4“’Am+1 T—1 (H ) -

hQ(k)mieyq + Q(K)Di1

- wAiJrl,T—]Bi(:B)) Nk

1=k

(]_[Q )nm, (77)

which shows that Eq. (20) holds for k. By the principle of mathe-
matical induction, Eq. (20) holds forallk = 0, 1, ..., T. The proof
is completed. O

T—1
+ E Min+1Bm( Am+1T 1B
m=k

Appendix C. The proof of Lemma 3.4

Proof. We prove this lemma by mathematical induction for k. For
k=T —1andi € IT, Lemma 3.3 implies that

nr—1(1) = Er—1Q(T — 1)D) (i) = fr—1(D).
From Remark 3.1,0 < fi(i) < 1fork =0,1,...,T — 1andi € I1.
Hence, Eq. (21) holds fork =T — 1 and all i € IT.

Suppose that Eq. (21) holds forT — 1, T — 2, ...,k + 1and all

i € IT.Set Ny = MaXjeg{m+10)} and ey = minjez {ne10)}-
Then,

J

0 < Mg < qu(k)nkJrl(j) Skt < 1 (78)
j=1

Again from the fact 0 < fi(i) < 1and Eqgs. (14) and (78), we have

0 < (i) < 1foralli € I, i.e., Eq.(21) holds for k and all i € IT.
This completes the proof. O

Appendix D. The proof of Theorem 3.5

Proof. For k = T — 1, by Egs. (8) and (9), we have
vr_1(Xr—1, 1)

] S/ 5 _ 3
= ﬂma)((-) lZQij(T - 1E [UT (AT—l.T—IXT—l + Br_1(B8) + M])] ]
T-1d j=1

Pr—1+y

s;_l(i)nm(i)y

Pr—1+4y

J
= max {ZQU(T - 1E |:_w<AT—1.T—1XT—1 + Br_1(B) +
=

ar—1(i)
5%_1(i)7r171(i))“
PT—14y

= —w(Ar_17-1%7-1 + BT—](,B))Z + A (Ar—1.7-1%r-1 + Br_1(B))
)] sp_q(Dmr-a(i)

Pr—1+4y

+A <AT—1,T—1XT—1 + Br_1(B) +

+ max {[)» — 20 (Ar—1,7-1%r-1 + Br-1(B)

wr—1(1)
_ @m0 } ' (79)

2
Pro14y

Since 1r_1(i) (i € IT)is positive definite and w > 0, the application
of the first order condition to wr7_1(i) yields the optimal solution

2w

Substituting Eq. (80) into Eq. (79) and noticing that nr_¢(i) =
fr—1(i), we have

Ar_4(i) = (i —Ar_11-1X1-1 — BT—I(ﬂ)) Pr—10y Yy (i)s7_1(i)- (80)

vr—1 (Xr—1, 1)
= —w(Ar—1r-1Xr-1 + BT—](,B))ZfT—l(i)

+ A (Ar—1,7-1Xr—1 + Br_1(B)) fr—a(i) + )ith(i)
= —wA7_; p_1fr—1(Xf_; + (A — 20Br_ 1(5))AT 17-1fr—1(0)xr-1
+ %hr,](i) + (ABr_1(B) — wB?_1(B)) fr—a(i)

= —wA7_; r_nr—1(DXF_1 + Mr_imr—1(i)xr—1 + Dr_1(i). (81)
Egs. (80) and (81) show that Eqs. (22) and (23) hold fork =T — 1.



90 L. Bian et al. / Insurance: Mathematics and Economics 81 (2018) 78-94

Suppose that Egs. (22) and (23) hold forT—1,T—2, ..., k+ 1.
Substituting the expression of vy, in Eq. (22) into Eq. (8), we have

Uk (X, 1)
J . .
S(D)m(i)
- ; A By Sl
l};}(%))( {-i:zlqj(k)]E |:Uk+1 < kkXk + Bk(B) + Py ])] }
S,L(i)nk(i)>2
Dic+y

S ()i (i) .
Dy
Pic+y ) * I+1U)i| }

J
= 30500 (— A1 11O A + Bl )’
=1

k(i)

J
= max ’Z qii(K)E |:—CUAi+11T17]k+1(j)(Ak,ka + By(B) +
=1

+Mier1Mk+1G) (Ak,kxk + By(B) +

+ Micr1mis1() (Acixe + Bi(B)) + D ()

J
+ f;:f(‘l))( [Z qii(k)ni1G) [(—ZwAfH,Tq (AkkXk + Bk(B))
=

sy ()i 7, (1) Ve ()i (i

) SO wA(HW“ | (82)
pk+y Pkﬂ,

Since Ay ;;_; > 0,0 > 0, Ti(i) is positive definite, and 0 <

Zf:lqij(k)nkﬂ(j) < 1(i € IT)by Lemma 3.4, the application of

the first order condition to 7ri(i) yields the optimal solution

”lc(l) _ (M"“

2
20481 14

— A X — Bk(ﬁ)) Pray Ty (D)5l

Bi(B) A
-\ 2ohaa 83
( ,Z:,; A1 * 20AK1.7-1 "~"X’<) Py Ve (D)si(i)- (83)

Substituting Eq. (83) into Eq. (82) gives
vk (Xk, D)

J
= —A 11 (A + Bi(B))*fe@) D a5k ()

=1
My 1 .
+ —— (i) Z qii(K)k+10)
40A 74 =

J J
) i)Y a1 G) + ) ai(k)Dics1 ()

j=1 j=1
= —wAi 1 71 AL XG + (M1 — 20A4 1 1—1Bi(B)) A (i)

+ Mics1 (AriXi + Bi(B)

+ ———h(i) Y qii(K)m10)
4“)Ak+1,r71 =

+ (Mi1Bl(B) — @Ay 1_1Bi(B)) ml) + Y qy(k)Di1(j)
j=1

= —wA% (D + Mine(i)xi + Di(i). (84)

Eqgs. (83) and (84) show that Eqgs. (22) and (23) hold for k. By the
principle of mathematical induction, Egs. (22) and (23) hold for all
k=0,1,...,T—1. O

Appendix E. The proof of Lemma 3.6

Proof. First, we prove the following equation by mathematical
induction: fork =0,1,...,T — 1,

T-1
E (]‘[msmsk = ik) = mili)- (85)

1=k

Fork=T —1,

T-1
E( [] feigr—s = im) = fr_1(ir_1)
I

—T—1 (86)
= (Fr—1Q(T — 1)) (ir—1) = nr—1(ir—1)

Hence, Eq. (85) holds for k = T — 1. Suppose that Eq. (85) holds for

T—1,T—-2,...,k+ 1.Then, we have
T-1 T—1
E (Hﬁ@o@k = ik) =E (fk(m [] &g = ik)
1=k I=k+1
T-1 T-1
filli)E ( [ fenia = zk> = fili)E (E < I1 fz(§1)|§k+1> & = ik)
I=k+1 I=k+1

J
= fe()E (Mk+1(5k+1)18k = i) = filik qu k)miee1G) = me(i),  (87)

which shows that Eq. (85
matical induction, Eq. (85

Next, we prove Eq. (31
Eq. (85) gives

T-1
Ok(ik) = (l_[fl E)lsk = lk) = mi(ik) ((1_[ Q(l ) ﬂk)
=k =k

which means that Eq. (31) holds for t = k. Suppose that Eq. (31)
holds fork, k — 1, ..., t + 1. Then we have

T-1 T-1
E (Hﬁ(sma = it> =E (]E (]‘[fz(smsm) & = z})
1=k 1=k
E Ok(&41)l6 =i) =E ((( l_[ Q! ) ) Eer)l&e = lr)
I=t+1
J
> aii(t) (( | e l)) nk) ((1'[ Q t)) uk> (). (88)
j=1 I=t+1

which shows that Eq. (31) holds for t. Hence, Eq. (31) holds for all
t=0,1,...,k

Last, the proof of Eq. (32) is similar to that of Eq. (31
omitted. O

) holds for k. By the principle of mathe-
)holds forallk =0,1,..., T — 1.
) by mathematical induction. For t = k,

O(it)

) and is

Appendix F. The proof of Lemma 3.9

Proof. Fork = 0,1, ...
have

,T —1,& =iy € II,by Lemma 3.8, we

k T-1
be(B, io) Ze, i0)xi(B) = Y _ ¢ilio) D xm()
1=0 m=I+1
k T-1 k T-1
= ZQI(io)Xl(ﬁ)*Zglﬂ(io) 37 B+ 6io) > xm(B)
=0 1=0 m=I+1 =0 m=I+1
k T-1 k T-1
= Zel(io)me(ﬁ)—Zem(io) > xalB)
=0 m=I+1
T-1 T-1
= O(io) Y _ xm(B) — Ohsa(io) Z (89)
m=0 m=k-

This completes the proof. O

Appendix G. The proof of Theorem 3.10

Proof. Substituting Eq. (23) into wealth process (1), we have

A A
X = AxXy + Bi(B)
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- Ak,kX,fA - Bk(ﬁ)) SeEQT " (Eedsil(&x)

= (Ak‘kXIfTA + Bk(ﬁ)) ( Sk(gk) (&_k)sk(gk))
M Y oy
+ (ZwA,Z(H - 1) Sk(ék)Tk (&)sk(Er). (90)

Noticing that X,fA and S;(&) are statistical independent, tak-

ing the conditional expectation on both sides of Eq. (90) under
0, &1, ..., & yields
~A ~A
E (X160, 61, ) = A (X I6o. 61, &)
M (91)
+ Bu(BYil&e) + = hi(&).
2w Ak+1 T-1

Since E (.18, &1,....&) = EC(l. 61, ...,
Eq. (91) recursively, we can obtain

&-1), by applying
jf[A
E (X |so,sl,...,s,ﬂ,xo)

k—

= Ao k-1 Hfl(é‘z)xo + ZBz(ﬂ AL k-1 Hfm &m)

=0
k—1 M k—1
+ Z o Apgcih(@&) ] falem): (92)
ZwAm T—1
m=I[+1

Then, at time T, we have

~A
E <X%T &0, &1, - -, §T—17Xo>

T-1 T-1 T-1
= Ao ]‘[ﬁ(a)xo + Z Bi(B)A 171 [ [ fnlEm)
m=I

T-1
M1
93
+§2Ml+m (&) m]lfm Em). (93)

Again, taking the conditional expectation on both sides of Eq. (93)
under the initial state & = iy and the initial wealth X, = xo, we
have

Eo.x0.0 (X;'%A)
T-1
= Ao r-1E (Hﬁ(51)|$o = io) Xo
I=
T-1 ’ T-1
+Y BB B (]‘[fm(smnso = io)
= m=l
T—Ol Ml T-1
+1 .
+ Zj T (hl(fl) [] fntem)igo = m)

=0 m=I+1
T—1 T—1 M,
= Ao r—100(io)x0 + ) Bi(B)Air1.1-10i(i0) + 7‘?1(1 )
’ ; - ,Z 20A141,1-1
T—1
= Ao,7-160(ig)X0 + ZBl(ﬂ)Al+l,T—191(i0)
1=0
T—1
Z di(io) Z Bn(B)Ams1,7- 1+*Z¢1 ip)
=0 m=I+1

) . Ao
= Ao,7-100(i0)X0 + br_1(B, i0) + Zao(lo)- (94)

ne
This shows Eq. (33). In order to derive Eq x, i, <(X;’A) ) we first
note that

E [(Sp(&) Yy (E)se(&))]
= E [sp(&) 75 (E)S(E)SkE) Ty (Ese(E)]
= s (8O Eds(Er) = (&) (95)

Taking the square on both sides of Eq. (90) and then taking the
conditional expectation, we get

E ((X,ffl)zlffo, &1, - -»Sk)
A\ 2
=E ((Xff ) €0, 61, - - -, éfk) A f&)

+2E (x,fm BRI g,() AuBi B YilE0)
M’?+l 2
* oAl HE) + BAN(ED (96)

Using E (.|&, &1, ..., &) = E(.&, &1, ..., &—1) again, by apply-
ing Eq. (96) recursively and substituting Eq. (92) and the expression
of My into it, we can obtain

E ((X?A>2|§07 &1, Erq,xo)

T-1 T-1 T-1
= A5 7 | [AX3 + 28011 ) xlB) | [ fnlEm)Xo
1=l 1=l m=
T-1 ’ T-1 ’ °
+Y XA B [ [ fnlEm)
1=0 m=l
T-1

Z (Z xm(B) Hfs &)
-1 T-1
=0 xslBhmlEn) H fs(ss)>

m=0 s=m+1 s=m+1
A T-1 -1 T-1
+ =2 | B Y ) [T £08)
=0 m=0 s=m+1
T7

1 T-1
=Y xmBE) T fm(sm)>

m=I+1 m=I+1
T-1 / T—1 2 T_1
+ ( xm(ﬁ)) &) ] fnlem)
=0 \m=I+1 m=I+1
52 T—1 T—1
502 2 &) [ fmlem) (97)
=0 m=I+1

Once more, taking the conditional expectation on both sides of
Eq. (97) under the initial state & = ip and the initial wealth
Xo = Xp, wWe obtain

~A 2
0.x9.i (( ? ) )
T—1

= A3 1_100(io ) + 2A0.1-1 Y _ xi(B)olio )Xo

=0
T-1
+ Y xP(B)6io)
1=0

2T1

+ 2o Zdn(lo
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, Tt T-1
+ p (Xl Zd’m io) — ¢i(io) Z Xm(ﬁ))
=0 m=I+1
T-1 / T-1 2
+> Xm(ﬁ)> ¢i(io)
=0 \m=I+1
T-1 -1
+2) x(p) (me Za»n io) Z xs( )
1=0 m=0 s=m+1

2

A
= A3 1-100(io )G + 20 (B)oliolo + 5 aolio) + Y(B.1o).  (98)

where the last equality uses the following conclusion:

T T-1
z( zm oo me(ﬂ))

m=I+1
T-1
=y (X:(ﬂ)(ez(io) — Oo(i0)) — (Bua(io) — (i) Y xm(ﬂ)>

m=I+1

T—1 T—1 T—1 T—1 T—1
=Y 60io) Y xm(B)— Y Osalio) Y xm(B)— bolio) Y  xi(B)
=0 m=I 1=0 m=I+1 1=0

T—
— 6o(io) Z xi(B) =

6o(io) Z Xxm(B

This proves Eq. (34). O

Appendix H. The proof of Theorem 3.11

Proof. As pointed out earlier, the optimal strategy of problem
P(w) is the solution of A(A, w) with A = 1 4 2wEq x, i, (X{f’A>. By
Theorem 3.10, we have

~A . .
b= 1+ 2080 i, (x;’ ) = 1+ 2 (Ao.7—100(io X0 + br—1(B. o))

+ Aag(ip).

Because 0 < 1 — ag(ip) = 6p(ip) = no(ip) < 1, the above equation
gives

" 1+ 2w (Ao,pﬂ]o(io')xo + br_1(B. io)) . (99)
no(io)

Substituting Eq. (99) into Eq. (23), we obtain

-1
7TI<(1) < Z B’(ﬂ) +

A
=% Ak

14 2wbr_1(B, i)
2wno(io)Ak+1,7-1

+ Ag,kXo — Ak kXk
(100)

X pk+y’rk71(i)5k(i)-

Substituting the expression of br_i(f8,ip) in Lemma 3.9 into
Eq. (100), we can get the desired result (35).

Next, substituting Eq. (99) into Eqs. (33) and (34), according to
ap(ip) + no(io) = 1 and 6y(ig) = no(ip), we obtain

ao(io)
2awno(io)

+Ao.-1a0(io o + br1(8, zo)aoiufﬁ

ao(io) br_1(B., o)
= AoT_1X0 + — + - s
O 2emo(io) no(io)

2P ) )
Eo,x0.ip (X? ) = Ao 7-160(i0)x0 + br_1(B8, i0) +

(101)

.p\ 2
Eo.x0.0 (( %T ) )

= A3 r_1%5 + 25 (Bnolio o +

XoAo,r—1do(io)

2X0Ao,r—1br—1(B, io)ao(io)
no(io)

wno(io)
ao(ip) bi_1(B. io)ao(io) N br_1(B, i0)ao(io)
4w (i) ng(io) wng(io)
+ (B, io). (102)
From Lemma 3.9 and 6y(ip) = no(ip), we have
¢(BInolio) — Ao,r—1br—1(B, i)
(103)

— Ao,r—160(io) Z xm(B) =0

T-1
= no(io)Ao, -1 Z xi(B)
=0

Then from Eqs. (101)-(103), the variance of wealth at the terminal
time T is

~P
Varg xy.i (Xf )

= Eox.iy << ?P)2> - [EO’XO"‘O (Xﬁp)]z

= 2[¢(B)nolio) — Ao,r—1br—1(B. i0)Ix0 + %
4w*no(ip)
SUILINTRS
?70(10)
do(io) b7 (B, io) .

= — ,1g). 104

2otnio) w0 (109
Eq.(101) together with the fact that 0 < ap(ip) < 1yields
1 _ (o () ~torw) woli) —broapiie)
2w ao(ip)
Substituting Eq. (105) into Eq. (104), we have

Val'ony,iO (X-;?P)
_ o(io) (i br_1(8, o) ]*
" ao(io) [EO'XOJO (XT ) ~Aor-1o - no(io) ]

b2 L
S LIRS
no(io)

i) - 2T

= aolio) |:]E0,x0,i0 (X%T ) — Ao, T—1X0 — g Xm(ﬂ):|
2
— mo(io (me ) + (B, o). (106)

This is the conclusion (36). O

Appendix I. The proof of Lemma 4.2

Proof. First, we prove Eq. (46) by mathematical induction. For

k = T, Eq. (46) holds obviously. Suppose that Eq. (46) holds for
T,T—1,...,k+ 1.Then,
T-1 m—1
ok =2+ QR)mi =z + Q) | D | [] Q) | zm
m=k+1 \j=k+1
T-1 m—1
=> |10 | zm.
m=k \ j=k
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which shows that Eq. (46) holds for k. Hence, Eq. (46) holds for all
k=0,1,...,T.

Next, we prove Eq. (47) also by mathematical induction. For
k = T, Eq. (47) holds obviously. Suppose that Eq. (47) holds for
T,T—1,...,k+ 1.Then,

Wi = QW1 + Q)@ 1 — (Q(K)@k41)?

T-1 m—1
=ei| > [ ] ev | =h
m=k+2 \j=k+1
T-1 m—2

- > | T] ew | @m—1ywmy

m=k+2 \j=k+1
+ QK@i — QK@)

T-1 m—1
= > ([Tew] =
m=k+1 \ j=k
T-1 m—2
D B O] ECIGESVCAS (107)

m=k+1 j=k

which means that Eq. (47) holds for k. So, Eq. (47) holds for all
k=0,1,...,T—1. O

Appendix J. The proof of Theorem 4.4

Proof. We prove this theorem by mathematical induction. For
k=T — 1,byEqgs.(1),(39) and (40), we have

Vr_1 (Xr-1, 1)
= Max {ET—l-XTqJ (VT (XTJ'Tv ST)) — OBy (gTZ' (Xil‘r’ é:T))

mr—1(i)

+ o[Er-1x_y.i (&r (X7, aET))]Z}

= max) {ET—LXT—M (X;T) — OEr_1x_4.i ((XYJ'T)2>

mr—1(i

tofBry i 05)T)

= max) {E |:AT—1.T—1XT—1 + Br_1(B) +

mr—1(i

5}1(i)ﬂr—1(i)}

PT—1+y

541(1'):1“(1'))2
Pr—1+y

/ . . 2
+w[E (ATA,TAXTA +Br_1(B) + ST]U)W)] }

Pr—1+y

—owE |:<AT1,T1XT1 + Br_1(B8) +

Sy_q(Dmr—q (i)
Pr—1+y

_ T [E (a7 () — sra(sp @] (i) ]

mr—1(i)

= max {AT—l,T—le—l + Br_1(B) +

p%—1+y
= Ar_1,7-1Xr—1 + Br_1(B8)
Sp_1(Dmr_q(i) B wﬂ%q(i)covrq(i)ﬂrﬂ(i)

DPr-1+y

r—1(0)

+ max [ ] (108)

2
pT—H—y

Since w > 0 and covr_q(i) is positive definite by Assumption 2.2,
the application of the first order condition to wy_4(i) yields the
following optimal solution

~E s Pr—1+y
(i) = —/———

-~ cov; ! (i)sr_1(i). (109)

Substituting Eq. (109) into Egs. (40) and (108) respectively, we
obtain

sp_y(Deovy ! (isr_1(i)
4w

Vr_1 (-1, 1) = Ar—q,7—1Xr—1 + Br_(B) +

1 .
= Ar_1,7-1Xr—1 + Br—1(B) + —zr_1(i), (110)
4w
and
groi1(xr—1,1) = Er_1x_.i (&r (X7, &r)) = Er—1x1.i (XT)
1 .
= Ar—171-1X1-1 + Br_1(8) + ZZT—1(1)- (111)

Because xr—1(B) = Br—1(B), @wr-1(i) = zr—1(i) and Wr_¢(i) = 0,
Egs. (109)-(111) show that Egs. (48)-(50) hold fork =T — 1.
Now suppose that Eqs. (48)-(50) hold forT—1,T—2, ..., k+1.
Then, for k, by the extended Bellman equation (39), we have
Vie(xk, 1)

= [72(&(11))( {Ek.xk.i (Vk+1 (X;(T_;_p sk-%—l)) - w]Ek,xk,i (g,i.] (X,:[_H, r‘;"I<+]))

+ 0[Ban (81 (K0 661) [

T-1
= max ]Ek,xk,i Ak+].T—1X[Zr+] + Z Xl(ﬁ)
k(D) I=k+1

1
+ 0 (@1 k1) — Wi ($k+1))i|
®

T-1 2
1
— 0 x,.i |:<Ak+1,T1X):r+1 + E xi(B) + e wk+1(§k+1)> :|

I=k+1

T-1 2
1
+C!)|:]Ek,xlm (Ak+1,T1X]Z;'+1 + E xi(B) + % wk+1(fl<+l)):| ’

[=k+1

k(D I=k

T-1
= max :Ak,T]Xk + Z XI(:H)

1
+ —Broi (D1 Err1) — Wirr Eir1)]
40

3 wAﬁH,T_]ﬂ,i(i) [E (Sk(D)Si(1)) — si(i)sy(D)] (i)

2
pk+y

. Aky1,m-18,(1)mi (i)

Di+y

1
2o [ Bt (@201 e0) =B (@41 i) |

Ak [Ekxgi (Bt Eet) SgD) — Bregi (@1 Ers1) si(0)] i) }

Pi+y

Apy1,7-18, (D) (i)

Di+y

T—1
= max {Ammk + Z x(B)+

(i) '

J
1
+ - }; ai(k) [@1 () — Wierr ()]

_wA£+1_T_1ﬂ);(i)covk(i)”k(i)

2
Picyy

2
J J
1
1% ZQU(’<)ZUI<2+1 o) — (Z qij(k)ky1 (i)) ,
= =1

(112)

where the last equality uses the conclusion ]Ek,x,(,,-(wkﬂ (k1)
S,Q(i)) — Eixi (@it1 (k1)) 5, (i) = 0, which holds due to the fact
that @1 (§+1) and Si(i) are statistically independent. Because
w > 0, Aﬁ+”_1 > 0 and covy(i) is positive definite by Assump-
tion 2.2, the application of the first order condition to (i) yields
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the optimal solution
AE;: Di+
AE() = Y

(113)
20Ak+1.1-1

cov ' (i)si(i).

Substituting Eq. (113) into Eqgs. (112) and (40) respectively, we
obtain

Vk (xkv l)
T-1
= Aot ) i)+ 4 qu(k [@i1 () — Wi ()]
1=k
n sk(z)cov,: (1)sk (i)
4w
2
J J
Y ak@E s O) = | Y ai(me O)
j=1 j=1
T-1
= At ) x(B) + 4 (m(z) — Wil(i)) , (114)
1=k
and
(X, 1) = Eioi (et Xy 1))
T-1
= B | As1ra X0 + D (B + —wk+1($k+1)
I=k+1
= AuraXe + Zx:(ﬁ —zk (0 + o un(k @1 ()
T-1
= Acr-xc+ Y xi(B) +—wk() (115)
1=k

Egs. (113)-(115) show that Eqgs. (48)-(50) hold for k. Hence,
Egs. (48)-(50) hold forallk =0,1,...,T—1. O

References

Asprem, M., 1989. Stock prices, asset portfolios and macroeconomic variables in ten
European countries. J. Bank. Finance 13, 589-612.

Bjork, T., Khapko, M., Murgoci, A., 2017. On time-inconsistent stochastic control in
continuous time. Finance Stoch. 21, 331-360.

Bjork, T., Murgoci, A., 2010. A general theory of Markovian time inconsistent
stochastic control problem. Working paper. Available at SSRN: http://ssrn.com/
abstract=1694759.

Bjork, T., Murgoci, A., 2014. A theory of Markovian time-inconsitent stochastic
control in discrete time. Finance Stoch. 18, 545-592.

Bjork, T., Murgoci, A., Zhou, X.Y., 2014. Mean-variance portfolio optimization with
state-dependent risk aversion. Math. Finance 24 (1), 1-24.

Cakmak, U., Ozekici, S., 2006. Portfolio optimization in stochastic markets. Math.
Methods Oper. Res. 63, 151-168.

Chen, A., Delong, K., 2015. Optimal investment for a defined-contribution pension
scheme under a regime switching model. Astin Bull. 45, 397-419.

Chen, Z.P., Liu, J., Li, G., 2016. Time consistent policy of multi-period mean-variance
problem in stochastic markets. ]. Ind. Manag. Optim. 12 (1), 229-249.

Chen, Z.P., Li, G., Zhao, Y.G., 2014. Time-consistent investment policies in Markovian
markets: A case of mean-variance analysis. J. Econom. Dynam. Control 40, 293-
316.

Chen, P., Yang, H.L.,, 2011. Markowitz's mean-variance asset-liability management
with regime switching: A multi-period model. Appl. Math. Finance 18, 29-50.

Engle, R, Ghysels, E., Sohn, B., 2008. On the economic sources of stock market
volatility. Available at SSRN: http://ssrn.com/abstract=971310.

Gassiat, P., Gozzi, F., Pham, H., 2014. Investment/consumption problem in illiquid
markets with regime-switching. SIAM ]. Control Optim. 52 (3), 1761-1786.
Guan, G.H,, Liang, Z.X., 2015. Mean-variance efficiency of DC pension plan under
stochastic interest rate and mean-reverting returns. Insurance Math. Econom.

61,99-1009.

Hamilton, ].D., 1989. A new approach to the economic analysis of nonstationary time
series and the business cycle. Econometrica 57, 357-384.

He, L, Liang, Z.X., 2013. Optimal investment strategy for the DC plan with the return
of premiums clauses in a mean-variance framework. Insurance Math. Econom.
53(3), 643-649.

Hejgaard, B., Vigna, E., 2007. Mean-variance portfolio selection and efficient frontier
for defined contribution pension schemes. Working Paper. Available at: http:
//vbn.aau.dk/files/11498557/R-2007-13.pdf.

Korn, R, Siu, T.K,, Zhang, A.H., 2011. Asset allocation for a DC pension fund under
regime switching environment. Eur. Actuar. J. 1, 361-377.

Li, D., Ng, W.L,, 2000. Optimal dynamic portfolio selection: Multiperiod mean-
variance formulation. Math. Finance 10, 387-406.

Li, D.P., Rong, X.M., Zhao, H., 2016. Time-consistent investment strategy for DC
pension plan with stochastic salary under CEV model. J. Syst. Sci. Complex. 29,
428-454.

Li, D.P., Rong, X.M., Zhao, H., Yi, B., 2017. Equilibrium investment strategy for DC
pension plan with default risk and return of premiums clauses under CEV
model. Insurance Math. Econom. 72, 6-20.

Li, Z.F, Tan, K.S., Yang, H.L., 2008. Multiperiod optimal investment-consumption
strategies with mortality risk and environment uncertainty. N. Am. Actuar. J.
12 (1), 47-64.

Markowitz, H., 1952. Portfolio selection. . Finance 7 (1), 77-91.

Menoncin, F., Vigna, E., 2013. Mean-variance target-based optimization in DC plan
with stochastic interest rate. In: Carlo Alberto Notebooks, No. 337, Collegio
Carlo Alberto.

Nkeki, C., 2013. Mean-variance portfolio selection problem with stochastic salary
for a defined contribution pension scheme: A stochastic linear-quadratic expo-
nential framework. Stat. Optim. Inf. Comput. 1 (1), 62-81.

Sun, ].Y., Li, Z.F., Zeng, Y., 2016. Precommitment and equilibrium investment strate-
gies for defined contribution pension plans under a jump-diffusion model.
Insurance Math. Econom. 67, 158-172.

Strotz, R., 1955. Myopia and inconsistency in dynamic utility maximization. Rev.
Econom. Stud. 23, 165-180.

Sheng, D.L,, Rong, X.M., 2014. Optimal time-consistent investment strategies for a
DC pension plan with the return of premiums clauses and annuity contracts.
Discrete Dyn. Nat. Soc. 2014, 1-13.

Vigna, E., 2014. On efficiency of mean-variance based portfolio selection in defined
contribution pension schemes. Quant. Finance 14, 237-258.

Wu, HL, Chen, H. 2015. Nash equilibrium strategy for a multi-period mean-
variance portfolio selection problem with regime switching. Econ. Model. 46,
79-90.

Wu, H.L, Zeng, Y., 2015. Equilibrium investment strategy for defined-contribution
pension schemes with generalized mean-variance criterion and mortality risk.
Insurance Math. Econom. 64, 396-408.

Wu, H.L, Zhang, L., Chen, H., 2015. Nash equilibrium strategies for a defined
contribution pension management. Insurance Math. Econom. 62, 202-214.
Yao, HX,, Lai, Y.Z, Ma, Q.H,, Jian, MJ., 2014. Asset allocation for a DC pension
fund with stochastic income and mortality risk: A multi-period mean-variance

framework. Insurance Math. Econom. 54, 84-92.

Yao, H.X,, Chen, P., Li, X., 2016a. Multi-period defined contribution pension funds
investment management with regime-switching and mortality risk. Insurance
Math. Econom. 71, 103-113.

Yao, HX,, Li, X., Hao, Z.F,, Li, Y., 2016b. Dynamic asset-liability management in a
Markov market with stochastic cash flows. Quant. Finance 1-23.

Zhang, L., Li, Z.F., Xu, Y.H,, Li, Y.W., 2016. Multi-period mean variance portfolio
selection under incomplete information. Appl. Stoch. Models Bus. Ind. 32 (6),
753-774.

Zhou, X.Y., Li, D., 2000. Continuous-time mean-variance portfolio selection: A
stochastic LQ framework. Appl. Math. Optim. 42 (1), 19-33.

Zhou, X.Y., Yin, G., 2003. Markowitz’'s mean-variance portfolio selection with
regime switching: A continuous-time model. SIAM J. Control Optim. 42, 1466-
1482.


http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb1
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb2
http://ssrn.com/abstract%3D1694759
http://ssrn.com/abstract%3D1694759
http://ssrn.com/abstract%3D1694759
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb4
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb5
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb6
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb7
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb8
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb9
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb10
http://ssrn.com/abstract%3D971310
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb12
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb13
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb14
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb15
http://vbn.aau.dk/files/11498557/R-2007-13.pdf
http://vbn.aau.dk/files/11498557/R-2007-13.pdf
http://vbn.aau.dk/files/11498557/R-2007-13.pdf
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb17
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb18
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb19
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb20
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb21
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb22
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb23
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb24
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb25
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb26
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb27
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb28
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb30
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb31
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb32
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb33
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb34
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb35
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb36
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb37
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38
http://refhub.elsevier.com/S0167-6687(17)30462-6/sb38

	Pre-commitment and equilibrium investment strategies for the DC pension plan with regime switching and a return of premiums clause
	Introduction
	Problem formulation
	Financial market
	Wealth process and optimization problem

	Pre-commitment strategy and efficient frontier
	Solution of auxiliary problem A(λ,ω)
	Solution and efficient frontier of original problem P(ω)

	Equilibrium strategy and efficient frontier
	Equilibrium strategy
	Equilibrium efficient frontier

	Special cases
	Numerical example
	Numerical analysis for the two investment strategies
	Numerical analysis for the two efficient frontiers

	Conclusion
	Acknowledgments
	The proof of Lemma 3.2
	The proof of Lemma 3.3
	The proof of Lemma 3.4
	The proof of Theorem 3.5
	The proof of Lemma 3.6
	The proof of Lemma 3.9
	The proof of Theorem 3.10
	The proof of Theorem 3.11
	The proof of Lemma 4.2
	The proof of Theorem 4.4
	References


